Abstract. Two graphs G 1 and G 2 , each on n vertices, pack if there exists a bijection f from V (G 1
Introduction

5
Two graphs G 1 and G 2 with |V (G 2 )| = |V (G 1 )| pack if there is a bijection f : V (G 1 ) → 6 V (G 2 ) such that if uv ∈ E(G 1 ), then f (u)f (v) / ∈ E(G 2 ). In other words, graphs G 1 and G 2 that two graphs even with many more edges will pack if their maximum degrees are not too 25 large.
26
Theorem 1.3 ( [6] ). Let G 1 and G 2 be two n-vertex graphs. If ∆(G 1 )∆(G 2 ) < n 2
, then G 1
27
and G 2 pack.
28
Recently, Alon and Yuster [1] considered packing of a graph with few edges with a graph 29 of bounded maximum degree.
30
Theorem 1.4 ( [1] ). For all n sufficiently large, let G 1 and G 2 be n-vertex graphs such that 31 |E(G 1 )| ≤ n − δ(G 2 ) − 1 and ∆(G 2 ) ≤ √ n/200. Then G 1 and G 2 pack.
32
Alon and Yuster phrased their theorem in the language of Turán numbers. The Turán 33 number ex(n, G) of a graph G is the maximum number of edges in an n vertex graph that edges that does not contain a C n is K n minus a star with n − 2 edges [5] . In this language,
37
Theorem 1.4 is the following stronger version of Ore's result.
38
Theorem 1.5 ( [1] ). For all n sufficiently large, if G is a graph of order n with no isolated an additional vertex, that is G 1 = S 1,n−2 + K 1 . Let G 2 be a graph on n vertices in which all 44 vertices but one have degree 3, the last vertex has degree 2 and the neighbors of this vertex 45 are adjacent. Then G 1 has n − δ(G 2 ) edges, but the two graphs do not pack ( Figure 1a ).
46
Alternatively, if G 1 is the disjoint union of a star with n − 3 vertices and an edge and G 2 remains unchanged, then G 1 and G 2 still do not pack (Figure 1b) . In Figure 1a , ∆(G 1 ) + δ(G 2 ) ≥ n, so G 1 and G 2 cannot pack since there is no suitable 49 vertex in G 2 to which we might map the vertex of maximum degree in G 1 . In Figure 1b , edges, together with a star containing n − 2(d − 1) − 1 edges (Figure 2a , here δ = 6). In fact,
58
as long as there is no independent set of size d among the vertices in G 1 not in the star, we 59 can create still more examples, e.g Figure 2b .
The main result of this paper shows that if there is such an independent set of size δ(G 2 ),
61
then G 1 and G 2 will pack even if G 1 contains as many as n edges.
62 Theorem 1.6. For n sufficiently large (n ≥ 10 9 ), let G 1 and G 2 be graphs of order n such
then G 1 and G 2 pack.
66
Our theorem shows that if we are able to appropriately place the vertex of maximum 67 degree in the sparse graph, then the remainder of the graph can also be placed. It also 68 allows for the characterization of sharpness examples to Theorem 1.4.
69
Corollary 1.7. For n sufficiently large (n ≥ 10 9 ), let G 1 and G 2 be graphs of order n such
73
(3) G 1 has exactly n − δ(G 2 ) edges and exactly one vertex of degree greater than 1.
74
Moreover, for each w ∈ V (G 2 ) with d(w) = δ(G 2 ), the neighborhood of w induces a
75
clique.
76
The remainder of the paper is organized as follows. In the next section we provide some 77 notation and preliminary results that will be used in the later sections. Section 3 introduces 78 the framework of the proof and includes several lemmas that will be used in the proof of and 40d∆ 2 < n, then G 1 and G 2 pack.
94
The proof of Theorem 2.1 uses the following lemma that also will be helpful for us. following properties:
102
Throughout this paper, we will consider two n-vertex graphs G 1 and G 2 that satisfy the 103 conditions of Theorem 1.6. For i ∈ {1, 2}, we let
let ∆ i denote the maximum degree of G i and δ i denote the minimum degree of G i . We will 105 construct the packing f :
107
Throughout the proof, we will have a partial packing f of G 1 and G 2 and enlarge the domain 108 of f at each step. 
Setup
110
We will construct a packing f : V 1 → V 2 in four stages. In the first two stages, we consider First, observe that
, we obtain 40d∆ 2 < 40 √ 2n √ n 60 < n. If also 40∆ 1 log ∆ 2 < n, then G 1 and 120 G 2 pack by Theorem 2.1. Thus we assume that 40∆ 1 log ∆ 2 ≥ n. Then, since ∆ 2 < √ n,
121
(4) ∆ 1 > n 20 log n .
We also may assume that (2) holds.
and so k ≤ 100 log n.
124
Lemma 3.1.
then such set B 1 can be chosen so that each vertex in it has degree at most 2 in G 1 .
126
Proof. By (2), G 1 has an independent set
edges. Then G has at least d(v 1 )+d(v 2 )−2− v 1 , v 2 tree components and therefore at least
set of these vertices that are contained in 
135
When k ≥ 2, we also wish for each i ∈ {2, . . . , k} to find an independent set
such that we can map the vertices of B i to the neighborhood of f (v i ).
137
Lemma 3.2. Let k ≥ 2 and B 1 satisfy Lemma 3.1. There exist disjoint sets B 2 , . . . , B k such
. Therefore, the number of tree components in
We form an independent set B by choosing one leaf or isolated 
Suppose that
Then by (5), B can be partitioned into k − 1 disjoint sets B 2 , . . . , B k , each of size at least ∆ 2 . Since all vertices u ∈ B are leaves or isolated vertices in distinct components of G 1 − v 1 , the claims (c) and (e) of the lemma hold. Since the sets B 2 , . . . , B k are formed by partitioning an independent set that is disjoint from N [B 1 ], claims (b) and (d) also hold. So, to prove the lemma, it is enough to chek that (6) holds. Now,
Since k ≤ 100 log n, d(v 1 ) ≥ n/(20 log n), and ∆ 2 ≤ √ n/60, the last inequality follows from n 20 log n ≥ (100 log n + 2) √ n 60 + 1 , which holds for n ≥ 10 9 . This proves (6) and thus the lemma. 
157
For
. We will construct a packing f : V 1 → V 2 in 4 stages.
158
At each step in the proof, we ensure that f remains a partial packing. 
204
We next wish to show that |Ŵ i | is not too large. We have e( (k + 1). Finally, since
Finally, recall that ∆ 2 / log(∆ 2 ) ≤ √ n/(60 log( √ n/60)) and k ≤ 100 log n. We can substi-206 tute these upper bounds into (7) and calculate that for n ≥ 10 9 ,
Therefore, by (7) and (8),
Now, we wish to place W i inV (i) for each i ∈ {2, . . . , m}. Consider a degenerate ordering .
215
Let w be a matched neighbor of w. Then either w ∈ W 1 or w ∈X j ∪Ŷ j for some j. If 
40
√ n log ∆ 2 ≥ 0, there is a vertex to which we can send w.
227
Stage 4. We now need to place the remaining vertices, i.e. those in V 1 −Ŵ m . As in Stage 228 3, we place these vertices in a reverse degenerate order. Suppose it is the turn of vertex w 229 to be packed. Then, there must be some unmatched vertex v ∈ V 2 . We wish to show that 230 either we can send w to v or that there is another previously matched vertex w ∈ V 1 −Ŵ m 231 such that w can be matched to the image of w , let us call it v ∈ V 2 , and w can be matched 232 to v.
233
Notice that for any x ∈ N (w), we are unable to match w to an unmatched vertex v ∈ V 2 234 that is a neighbor of the image of x. Let us call such vertices red/blue neighbors, since they 235 can be reached from w via a path of length 2, with the first edge being wx ∈ E 1 (i.e. red)
236
and the second edge being f (x)v ∈ E 2 (i.e. blue). to come up with a bound on the number of such neighbors.
252
Let br(v) be the number of blue/red neighbors in V 1 −Ŵ m and let
253
Recall that we began with a greedy ordering of 
258
Further, we know that if the a vertex v i ∈ V 1 has more than n/(50 log n) neighbors in G 1 , then not only was it matched in Stage 1, but all vertices of N 2 (f (v i )) are matched in Stage 1 as well. So if a vertex x is matched to a neighbor of v, then d(x) ≤ n/(100 log n). In particular, br(v) ≤ n 1 n 50 log n + n 2 n 50 log n + + 5 √ n 4 + 75 log √ n/60 < n 10 .
We know that there are fewer than such that w is not a blue/red neighbor of v and also that v is not a red/blue neighbor of w.
262
This implies that we can send v to w and w to v and maintain that f is a partial packing.
Repeating this process for each unmatched vertex in V 1 yields a packing of G 1 and G 2 .
264
5. Proof of Corollary 1.7
265
Let G 1 and G 2 be graphs such that |E 1 | ≤ n − δ 2 and ∆ 2 ≤ √ n/60. We will show that if 266 G 1 and G 2 do not satisfy conclusion (2) nor conclusion (3) of Corollary 1.7, then they pack.
267
Let v 1 ∈ V 1 be a vertex of maximum degree in G 1 . If ∆ 1 = n − δ 2 , then part 2 of the theorem 268 holds and the proof is complete. So we assume that ∆ 1 ≤ n − δ 2 − 1. G 2 pack. We form the independent set S by taking one vertex from each component in 
294
We can now construct a packing of G 1 and G 2 almost exactly as we did in the proof vertex in G 1 with degree greater than 1, we proceed directly to the next stages. However,
299
Stage 3 and Stage 4 follow exactly as they did in Section 4, resulting in the desired packing 300 of G 1 and G 2 .
